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We describe an extension of the axioms of quantization to the case of 2-plectic
manifolds. We show how such quantum spaces can be obtained as stable classi-
cal solutions in a zero-dimensional 3-algebra reduced model obtained by dimen-
sional reduction of the Bagger-Lambert-Gustavsson theory. We demonstrate
that the groupoid approach to geometric quantization proposed by Hawkins
and others can be useful for quantizing 2-plectic manifolds. We discuss our
results in the context of recent developments in the quantum geometry of M-
branes, and in the nonassociative deformation of spacetime induced by closed
strings in the presence of a 2-plectic form.
1. Introduction
A symplectic manifold (M,ω) is a manifold M endowed with a globally defined non-
degenerate closed 2-form ω. That is, dω = 0 and if the contraction ιvω(x) = 0 for v ∈ TxM ,
then v = 0. The inverse to the matrix describing ω locally is a bivector field giving rise
to a Poisson structure on M . Therefore, M can serve as a phase space in Hamiltonian
dynamics, and the quantization of such a phase space is a standard problem in quantum
mechanics.
There is a natural generalization of symplectic manifolds known as multisymplectic or
p-plectic manifolds. Here, one considers the pair (M,$) consisting of a manifold M and a
globally defined non-degenerate closed p + 1-form $ on M . Again, non-degeneracy of $
means that from ιv$(x) = 0 for v ∈ TxM it follows that v = 0. The 1-plectic manifolds
are the symplectic manifolds; we will be primarily interested in 2-plectic manifolds which
are characterized by a 3-form $. On a p+ 1-dimensional manifold, the p-plectic form is a
volume form and can be inverted to give rise to a Nambu-Poisson structure on M . This is
a p+ 1-ary bracket on C∞(M) satisfying a generalized Leibniz rule
{f1 f2, f3, . . . , fp+2} = f1 {f2, . . . , fp+2}+ {f1, f3, . . . , fp+2} f2 (1.1)
1Based on talk given by CS at the fourth annual meeting of the European Noncommutative Geometry
Research Training Network in Bucharest on 29 April 2011. To appear in the proceedings.
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as well as the fundamental identity
{f1, . . . , fp, {g1, . . . , gp+1}} = {{f1, . . . , fp, g1}, g2, . . . , gp+1}
+ · · ·+ {g1, . . . , gp, {f1, . . . , fp, gp+1}} (1.2)
for fi, gi ∈ C∞(M). Manifolds endowed with a Nambu-Poisson structure can be used as
multiphase spaces in Nambu mechanics, and we are interested in the (higher) quantization
of such multiphase spaces.
Our motivation for considering multisymplectic manifolds and their quantization stems
from the description of a configuration of M2-branes ending on M5-branes that we review in
the following. This configuration is the M-theory lift of the D-brane interpretation [1, 2] of
Nahm’s equations [3]. Consider the vacuum configuration of k coincident D1-branes ending
on a single D3-brane in type IIB superstring theory, with wrapped directions depicted
schematically as [1, 2]
0 1 2 3 4 5 6
D1 × ×
D3 × × × ×
(1.3)
We work with cartesian coordinates x0, x1, . . . , x6 on R1,6 and define s = x6. The D3-brane
is located at s = 0. From the perspective of the D3-brane, the endpoint of the D1-branes
looks precisely like a Dirac monopole. From the perspective of the D1-branes, the dynamics
of this configuration are described by the Nahm equations
d
ds
Xi = 12 ε
ijk [Xj , Xk] , (1.4)
where Xi ∈ u(k), i, j, k = 1, 2, 3 describe the transverse fluctuations of the k D1-branes
parallel to the worldvolume directions of the D3-brane. This system is manifestly SO(3)-
invariant under rotations in the spatial worldvolume directions of the D3-brane.
The simplest solution to the Nahm equations (1.4) is found from a product ansatz
Xi = r(s)Gi, which leads to
r(s) =
1
s
and Gi = εijk [Gj , Gk] . (1.5)
For technical reasons, the representation of su(2) formed by the Gi has to be irreducible.
The Gi can thus be considered as coordinates on a fuzzy sphere. This solution therefore
suggests that each point in the worldvolume of the D1-branes polarizes into a fuzzy sphere
S2F , gaining two spatial dimensions. Moreover, the radius r(s) of these spheres diverges
towards the position of the D3-brane at s = 0. The solution (1.5) is known as a fuzzy
funnel [4] and it describes the smooth transition between k D1-branes and a D3-brane
with partially noncommutative worldvolume. The radial dependence r = 1s matches the
Higgs field Φ = 1r in the effective D3-brane description, where Φ is to be identified with s.
We can lift the configuration (1.3) to M-theory via T-duality along the x5-direction and
interpreting x4 as the M-theory direction. This leads to the wrapped directions
0 1 2 3 4 5 6
M2 × × ×
M5 × × × × × ×
(1.6)
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From the perspective of the M5-brane, the boundary of the coincident M2-branes is de-
scribed by a self-dual string [5]. Basu and Harvey [6] suggested an equation for the de-
scription of the configuration (1.6) from the perspective of the M2-brane; it is given by
d
ds
Xµ = 13! ε
µνκλ [Xν , Xκ, Xλ] , µ, ν, κ, λ = 1, 2, 3, 4 . (1.7)
This equation is a natural extension of the SO(3)-symmetric Nahm equation (1.4) describ-
ing the SO(3)-symmetric configuration (1.3) to the SO(4)-symmetric situation (1.6). We
assume that the triple bracket appearing in (1.7) is a trilinear and totally antisymmet-
ric map on some vector space. We call a vector space endowed with such a 3-bracket a
3-algebra2.
If we choose again a product ansatz Xµ = r(s)Gµ, then we find
r(s) =
1√
2s
and Gµ = εµνκλ [Gµ, Gν , Gκ] . (1.8)
This solution matches the profile from a supergravity analysis. We would like to interpret
this solution again as a fuzzy funnel; each point in the worldvolume of the M2-branes
should polarize into a fuzzy three-sphere S3F , gaining three spatial dimensions. In this case
a 3-form structure appears, and we require a clear interpretation of the quantization of the
2-plectic manifold S3.
2-plectic manifolds further appear in M-theory from the perspective of the M5-brane;
by turning on a constant 3-form C-field background, the self-dual strings propagate in a
quantization of (two copies of) the 2-plectic space R3 described by the 3-bracket relation
[xµ, xν , xλ] = θµνλ with µ, ν, λ = 0, 1, 2 and µ, ν, λ = 3, 4, 5 [8], where θµνλ is related to the
2-plectic form.
Further recent motivation stems from closed string theory. In [9] it is shown that the
phase space of the bosonic string can be interpreted as a 2-plectic manifold. In [10] it is
shown that for three-dimensional backgrounds with 3-form flux, the coordinates of closed
strings obey the noncommutative relations [xi, xj ] = θijk ∂k, where θ
ijk is related to the
flux. In this case the Jacobi identity is not satisfied and leads to a nonassociative 3-bracket
structure [xi, xj , xk] = θijk [11]. This structure appears to be related to the quantization
of a higher Poisson structure on e.g. R3 with multivector field pi = 13! θ
ijk ∂i ∧ ∂j ∧ ∂k.
In the following, we review the results of [12] and [13]; in section 2 we propose a
generalization of the quantization axioms to p-plectic manifolds, while in section 3 we
illustrate how quantized 2-plectic manifolds arise dynamically as vacua of 3-algebra reduced
models. In section 4 we present an extension of the groupoid approach to quantization
suggested by Hawkins [14] to 2-plectic manifolds involving loop spaces, cf. also [15]. In
section 5 we close with some concluding remarks.
2Usually, it is assumed that this 3-algebra is in fact a 3-Lie algebra [7] whereby the 3-bracket obeys
additional axioms. Here, we leave the definition intentionally open.
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2. Quantization axioms
In geometric quantization, one starts from a symplectic manifold M with a symplectic
2-form ω representing the first Chern class in H2(M,Z) of a principal U(1)-bundle. The
associated vector bundle is the pre-quantum line bundle, and a Hilbert space is constructed
from its global sections.
Integral 2-plectic forms define the Dixmier-Douady class of an abelian gerbe, and one
would expect this gerbe to take the role of the U(1)-bundle in a geometric quantization
of 2-plectic manifolds. This, together with the expected appearance of nonassociativity,
suggests that functions should no longer be mapped to endomorphisms on some Hilbert
space. However, in the currently most promising candidate for an effective description of
multiple M2-branes, the ABJM model [16], all higher-bracket structures are replaced by
matrix products. We therefore first examine how far a “naive” approach to the quantization
of 2-plectic manifolds involving ordinary Hilbert spaces can take us.
2.1. Quantization axioms for symplectic manifolds
To find a suitable set of quantization axioms for 2-plectic manifolds, let us first recall the
symplectic case. At classical level, states in a physical system are given by points on a
Poisson manifold M . The observables in this system are given by smooth functions on M .
At quantum level, states are rays in a complex Hilbert space H and observables are linear
operators on H . A quantization of a Poisson manifold M therefore consists of a Hilbert
space H together with a map −̂ : C∞(M)→ End (H ) satisfying certain conditions.
A full quantization is a quantization prescription which satisfies a comprehensive list of
axioms:
Q1. The quantization map f 7→ fˆ is linear over C and maps real functions f to hermitian
operators fˆ .
Q2. The constant function f = 1 is mapped to the identity operator on H : 1̂ = 1H .
Q3. The correspondence principle is satisfied: {f1, f2} = g =⇒ [fˆ1, fˆ2] = −i ~ gˆ.
Q4. The quantized coordinate functions act irreducibly on H .
While a full quantization of the two-torus T 2 can be constructed, this is unfortunately
not true for such common spaces as the cotangent bundle T ∗Rn or the two-sphere S2.
It is therefore necessary to relax the axioms of a full quantization. Three ways have
proved to be successful. First, one can drop the irreducibility condition Q4. Second, one
defines the quantization map only on a subset of C∞(M). Third, one demands that the
correspondence principle Q3 only applies to first order in the parameter ~. The first two
approaches yield prequantization, which is the starting point e.g. of geometric quantization.
The third approach leads to deformation quantization.
In the following, we focus on Berezin quantization, which is better known as fuzzy
geometry in the physics community and is a hybrid of geometric and deformation quanti-
zation. The reason is simply that in the D-brane configuration (1.3), the Berezin quantized
two-sphere appears, and our main motivation is to lift this picture to M-theory.
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2.2. Example: Berezin quantization of S2
The construction of the Hilbert space for the Berezin quantized or fuzzy sphere [17, 18]
follows that for geometric quantization. That is, we start from the ample line bundle O(k),
k ∈ N over CP 1. The Hilbert space H = Hk is identified with the global holomorphic3
sections of O(k). Recall that elements of H0(CP 1,O(k)) are given by homogeneous poly-
nomials of degree k in the homogeneous coordinates zα, α = 1, 2 of CP
1. This space is
isomorphic to the k-particle Hilbert subspace in the Fock space of two harmonic oscilla-
tors described by creation and annihilation operators satisfying [aˆα, aˆ
†
β] = δαβ, aˆα|0〉 = 0.
Altogether, we have
Hk ∼= span(zα1 · · · zαk) ∼= span
(
aˆ†α1 · · · aˆ†αk |0〉
)
. (2.1)
For any z ∈ CP 1, we construct the Rawnsley coherent states and the corresponding co-
herent state projector
|z〉 = 1
k!
(
z¯α aˆ
†
α
)k|0〉 and P := |z〉〈z|〈z|z〉 . (2.2)
The projector P is simultaneously an endomorphism on Hk and a function on CP 1. It
therefore provides a bridge between the classical and the quantum world. We define the
lower Berezin symbol σ : End (Hk)→ C∞(CP 1) by
σ( fˆ ) := trHk
(P fˆ ) . (2.3)
One easily verifies that σ is injective. On the set of quantizable functions Σ := σ(End (Hk)),
we thus have an inverse operation, which yields the quantization map
f(z) = fα1...αkβ1...βk
zα1 · · · zαk z¯β1 · · · z¯βk
|z|2k
7−→ fˆ = fα1...αkβ1...βk 1
k!
aˆ†α1 · · · aˆ†αk |0〉〈0|aˆβ1 · · · aˆβk . (2.4)
This quantization map indeed satisfies our quantization axioms Q1, Q2, Q4, and Q3 to
linear order in ~ = 2k . For more details on Berezin quantization, see [19] and references
therein.
2.3. Quantization axioms for p-plectic manifolds
The problem of quantizing 2-plectic manifolds is notoriously difficult. Most attempts in the
past focused on extending geometric quantization, and in [20] a consistent approach, the
Zariski quantization, was found. The resulting quantization prescription seems however
unsatisfactory from a physics perspective.
Here, we try to extend Berezin quantization. As the corresponding quantization ax-
ioms are weaker than those of geometric quantization, we expect this to be simpler. As
3This means that we work with Ka¨hler polarization.
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mentioned above, we try to push a naive approach, which still encodes observables as linear
operators in End (H ) on a complex Hilbert space H . Given an ordinary quantization of
a p-plectic manifold M (arising, say, from an additional Poisson structure on M), we say
that this is a quantization of M as a p-plectic manifold if the following axioms are satisfied:
Q1. The quantization map f 7→ fˆ is invertible, linear over C and maps real functions f
to hermitian operators fˆ .
Q2. The constant function f = 1 is mapped to the identity operator on H : 1̂ = 1H .
Q3. The correspondence principle is satisfied to first order in ~:
lim
~→0
∥∥∥ i~ σ([fˆ1, . . . , fˆp+1])− {f1, . . . , fp+1}∥∥∥L2 = 0 , (2.5)
where σ : End (H )→ C∞(M) is the inverse of the quantization map.
If M is a symplectic manifold, then these axioms hold for Berezin quantization.
2.4. Example: Quantization of R3
The simplest example of a 2-plectic manifold is R3 endowed with the 2-plectic form $ =
εijk dx
i ∧ dxj ∧ dxk, i, j, k = 1, 2, 3. We can “invert” this 3-form to the Nambu-Poisson
bracket
{f, g, h} = εijk
(
∂
∂xi
f
) (
∂
∂xj
g
) (
∂
∂xk
h
)
. (2.6)
To quantize (R3, $) as a 2-plectic manifold, we need to find a Hilbert space H and a
quantization map which fulfills the Nambu-Heisenberg algebra relation
[xˆ1, xˆ2, xˆ3] = −i ~1H . (2.7)
One such quantization is given by the space R3λ, which was first constructed in [21]. We
start from a fuzzy sphere with Hilbert space Hk = H
0(CP 1,O(k)). On End (Hk), we
define a 3-bracket through the totally antisymmetrized operator product
[xˆ1, xˆ2, xˆ3] = εijk xˆ
i xˆj xˆk = −i 6R
3
k
k
1Hk . (2.8)
The radius of this fuzzy sphere is Rk =
√
1 + 2k
3
√
~ k
6 . The space R
3
λ is now obtained by a
“discrete foliation” of R3 by fuzzy spheres; the total Hilbert spaceH is given by the direct
sum of the Hilbert spaces Hk and the total quantization of a function f is given by the
block-diagonal operator whose k-th block is the quantization of f on the fuzzy sphere with
radius Rk. One easily checks that this quantization satisfies our generalized quantization
axioms [12]. The quantum commutation relations (2.7) are similar to those derived in [11]
and in [8].
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3. Quantum 2-plectic manifolds from 3-algebra reduced models
In this section, we review how various quantized symplectic manifolds form vacuum solu-
tions of the IKKT matrix model [22] with background fields. We also show how quantized
2-plectic manifolds analogously form solutions in a zero-dimensional 3-algebra reduced
model [13].
3.1. Classical solutions in the IKKT matrix model
The (twisted) action of the IKKT model including masses µI and a 3-form background
field C similar to the BMN matrix model [23] is given by
S = trN
((
[XI , XJ ]− θIJ 1N
)2
+ µI (X
I)2 + CIJK X
I [XJ , XK ] + fermions
)
, (3.1)
where XI ∈ u(N), I = 0, 1, . . . , 9. For µI = CIJK = 0 and N → ∞, solutions to
the classical equations of motion of (3.1) are given by the Moyal spaces (R1,9, θIJ) with
[XI , XJ ] = i θIJ 1. In particular, one solution is given by the Moyal plane R2θ. These
solutions are stable and form global minima of the action (3.1). Moreover, they are BPS
solutions preserving half of the 32 supersymmetries of the IKKT model.
Turning on the 3-form background field C123 = 1 and putting θ
IJ = 0, we obtain a
fuzzy sphere solution S2F with scalar fields obeying [X
i, Xj ] = εijkXk, i, j, k = 1, 2, 3 and
XI = 0 for I 6= 1, 2, 3. The solution is again both stable and BPS.
By turning on additional mass terms C123 = 1, µ1 = µ2 = µ, we find the stable
(non-BPS) solution
X0 = X4 = . . . = X9 = 0 , [X1, X2] = θ12 1 , [X3, Xi] = θij Xj (3.2)
for i, j = 1, 2. The Lie algebra formed by X1, X2, X3,1 is called the Nappi-Witten algebra;
it is identical to the linear Poisson structure on a four-dimensional Hpp-wave4. We can
therefore interpret this solution as a quantum Hpp-wave.
3.2. Classical solutions in a 3-algebra reduced model
The IKKT matrix model is obtained by dimensional reduction of a maximally supersym-
metric Yang-Mills theory, e.g. the effective field theory of D2-branes, to zero dimensions.
It is therefore natural to consider a corresponding reduction of the BLG model [27, 28].
The latter is a Chern-Simons matter theory, which might provide an effective description
of two M2-branes. Its reduction should take over the role of the IKKT model.
The field content of the BLG model consists of eight scalar fields XI as well as their
fermionic superpartners Ψ taking values in a metric 3-Lie algebra A. Additionally, one
has a topological gauge potential Aµ taking values in the Lie algebra of inner derivations
4This space is a four-dimensional Cahen-Wallach symmetric spacetime, see also [24, 25, 26] for further
details.
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gA of A. Allowing again for mass terms and a 4-form field background, the dimensionally
reduced action reads as
S =− 12
(
AµX
I , AµXI
)
+ i2
(
Ψ¯,ΓµAµΨ
)− 12 8∑
I=1
µ21,I
(
XI , XI
)
+ i2 µ2
(
Ψ¯,Γ3456Ψ
)
+ CIJKL
(
[XI , XJ , XK ], XL
)
+ i4
(
Ψ¯,ΓIJ [X
I , XJ ,Ψ]
)− 112 ([XI , XJ , XK ], [XI , XJ , XK ])
+ 16 
µνλ
((
Aµ, [Aν , Aλ]
))
+
1
4γ2
((
[Aµ, Aν ], [A
µ, Aν ]
))
,
(3.3)
where (·, ·) and ((·, ·)) denote the inner products on A and gA, respectively.
In the case µ1,I = CIJKL = 0, matter fields in a 3-algebra satisfying [X
i, Xj , Xk] =
εijk 1, i, j, k = 1, 2, 3 form a stable BPS solution of the classical equations of motion of
(3.3). As we saw before, this solution can be interpreted as the noncommutative space R3λ.
If we turn on the background field C1234 = 1, we find that stable BPS solutions are
given by [Xµ, Xν , Xκ] = εµνκλXλ, µ, ν, κ, λ = 1, 2, 3, 4. This solution corresponds to a
fuzzy S3, cf. [12] and references therein.
Giving additional mass terms to the scalar fields X1 and X2 by setting µ1,I = µ2 = µ,
we find a stable solution if the matter fields satisfy a 3-algebra generalization of the Nappi-
Witten algebra given by
[X1, X2, X3] = θ123 1 and [X4, Xi, Xj ] = θijkXk . (3.4)
We interpret this solution as a noncommutative five-dimensional Hpp-wave background.
We have thus seen that a number of classes of solutions known from the IKKT matrix
model is also found in a zero-dimensional 3-algebra reduced model. Recall that the BLG
model can be reduced to three-dimensional maximally supersymmetric Yang-Mills theory
by taking a strong coupling limit after Higgsing the model as proposed in [29]. Corre-
spondingly, the IKKT matrix model (3.1) can be obtained from the 3-algebra model (3.3).
Therefore, the solutions of the IKKT model, i.e. the Moyal plane R2θ, the fuzzy sphere S
2
F
and the noncommutative four-dimensional Hpp-wave, can be interpreted as strong cou-
pling limits of the solutions of the 3-algebra model, i.e. R3λ, the fuzzy sphere S
3
F and the
noncommutative five-dimensional Hpp-wave.
There is a further connection to the IKKT matrix model. It was conjectured in [30]
that this model can be obtained from cubic matrix models whose gauge algebras are tensor
products with the superalgebra osp(1|32) [31]. Our 3-algebra reduced model (3.3) shows
also signs of an osp(1|32)-invariance. Some more details of the relation between the 3-
algebra model and the osp(1|32)-matrix model are worked out in [13].
Expanding the IKKT model around a solution corresponding to a quantized symplectic
manifold yields a noncommutative supersymmetric gauge theory on this manifold. Ex-
panding the 3-algebra model (3.3) around a solution, one obtains the BLG theory on the
corresponding quantized 2-plectic manifold with additional higher derivative and other
terms [13].
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4. Quantization via groupoids
A groupoid is a small category in which every morphism is an isomorphism. More con-
cretely, a groupoid is given by a set of objects and a set of composable, invertible arrows
between these objects. Groupoids have been widely used in the context of noncommutative
geometry and C∗-algebras; here we follow the approach of Hawkins [14]. The motivation
for using groupoids in the quantization of arbitrary Poisson manifolds stems from the ob-
servation that the quantization of the dual of a Lie algebra g is straightforward and yields
the twisted convolution algebra of the Lie group integrating g. As every Poisson manifold
M is naturally a Lie algebroid, it is very tempting to assume that the quantization of M
is given by a twisted convolution algebra of the Lie groupoid integrating M ; this approach
works in many examples. For us, an advantage of the groupoid approach to quantiza-
tion is that it avoids the introduction of Hilbert spaces and cuts directly to the abstract
C∗-algebra. It might therefore be able to lead to quantized 2-plectic manifolds involving
nonassociative operator algebras.
Given a Poisson manifold M , the procedure proposed in [14] consists of the following
steps:
1. Find an integrating symplectic groupoid s, t : Σ⇒M for the Lie algebroid M .
2. Construct a prequantization of Σ as in geometric quantization.
3. Endow Σ with a groupoid polarization.
4. The quantization of M is given by the polarized convolution algebra, twisted by the
prequantum line bundle.
4.1. Groupoid quantization of R2
Let us sketch the simplest example for a groupoid quantization as presented in [14], the
Poisson manifold V = R2 with constant Poisson structure θij , i, j = 1, 2.
As an integrating groupoid, we take the pair groupoid Σ = Pair(V ) ∼= V ×V ∗ described
by coordinates (xi, pi) on Σ. The symplectic structure on Σ is given by ω = dx
i ∧ dpi.
The object inclusion map is trivially given by 1x : (x
i) 7→ (xi, xi), where we used the
isomorphism between V and its dual. We choose the source and target maps to be the
Bopp shifts
s(xi, pi) = (x
i + 12 θ
ij pj) and t(x
i, pi) = (x
i − 12 θij pj) , (4.1)
and one easily verifies that t is indeed a Poisson map, i.e. {t∗f, t∗g}ω−1 = t∗{f, g}θ, the
first condition for Σ to be a groupoid integrating R2. Consider now the concatenation of
arrows given by
xi + θij (pj + p
′
j) −→ xi + θij (pj − p′j) −→ xi − θij (pj + p′j) . (4.2)
We can thus identify the set of composable arrows (the 2-nerve of Σ) with V × V ∗ × V ∗.
On this set, there are projections onto the first and second arrows given by
pi1(x
i, pi, p
′
i ) = (x
i + 12 θ
ij pj , p
′
i ) and pi2(x
i, pi, p
′
i ) = (x
i − 12 θij p′j , pi) , (4.3)
9
as well as a multiplication of arrows
m(xi, pi, p
′
i ) = (x
i, pi + p
′
i ) . (4.4)
Together these maps obey the consistency relations
t
(
pi1(x
i, pi, p
′
i)
)
= s
(
pi2(x
i, pi, p
′
i)
)
,
s
(
m(xi, pi, p
′
i)
)
= s
(
pi1(x
i, pi, p
′
i)
)
and t
(
m(xi, pi, p
′
i)
)
= t
(
pi2(x
i, pi, p
′
i)
)
.
(4.5)
The second condition for (Σ, ω) to be an integrating symplectic groupoid for V is that ω
satisfies the multiplicativity property
∂∗ω := pi∗1ω −m∗ω + pi∗2ω = 0 , (4.6)
which is indeed the case here.
The prequantization of Σ is trivial, as Σ ∼= R4; the prequantum line bundle is the
trivial line bundle Σ × C with connection of curvature F = −2pi iω. The twist element
σ0 is found from the symplectic potential ϑ = −xi dpi on Σ, which also gives rise to the
groupoid polarization P of Σ corresponding to the vector fields along the leaves of the
fibration Σ→ V ∗. The twist element is found from the equation
∂∗ϑ = σ−10 dσ0 = d(−12 θij pi p′j) . (4.7)
We therefore have
σ0 = exp
(− 12 θij pi p′j) , (4.8)
and the twisted polarized convolution algebra on Σ/P ∼= V ∗ is the algebra of functions on
R2 with the usual Moyal star-product.
4.2. Groupoid quantization of R3 using loop space
To extend the above construction to the 2-plectic manifold R3, one is naturally led to
a categorified approach involving 2-groupoids. Here, however, we follow an alternative
approach involving loop space. By using a transgression map [32] (see also [15]), we reduce
the 2-plectic structure on R3 to a symplectic 2-form on the loop space LR3 of R3; here by
LR3 we mean the loop space of R3 with reparametrizations factored out.
Starting from the 2-plectic manifold (R3, $) with $ = εijk dx
i∧dxj∧dxk, we construct
the infinite-dimensional symplectic manifold (LR3, T $) with symplectic form
T $ :=
∮
dσ
∮
dτ $ijk x˙
k(τ) δ(τ − σ) δxi(σ) ∧ δxj(τ) . (4.9)
Note that T $ is indeed non-degenerate; while we have
ιX(T $) = 0 for X =
∮
dσ x˙i(σ)
δ
δxi(σ)
, (4.10)
10
this relation merely shows that T $ is invariant under reparametrizations. To factor out
reparametrization invariance, we can restrict ourselves to loops xi(σ), σ ∈ [0, 2pi) with arc
length parameterization |x˙| = 1. We can then invert T $ to find a Poisson structure.
More generally, we can start from LR3 with Poisson structure
{f, g} :=
∮
dτ
∮
dσ δ(τ − σ) θijk x˙k(σ)
(
δ
δxi(τ)
f
) (
δ
δxj(σ)
g
)
, (4.11)
and follow the recipe of the previous subsection. That is, we choose the pair groupoid
Σ = LR3×LR3 with symplectic form ω = ∮ dτ ∮ dσ δ(τ−σ) δxi(τ)∧δpi(σ) as integrating
groupoid. The source and target maps are
s
(
xi(σ) , pi(σ)
)
= xi(σ) + 12 θ
ijk pj(σ) x˙k(σ) ,
t
(
xi(σ) , pi(σ)
)
= xi(σ)− 12 θijk pj(σ) x˙k(σ) ,
(4.12)
where xi(σ) denotes a point in LR3 given by the map xi(σ) : S1 → R3, and so on. The
2-nerve of Σ is LR3 × LR3 × LR3. One again checks that Σ is an integrating symplectic
groupoid by verifying that t is a Poisson map and that ω satisfies ∂∗ω = 0.
In this way, we arrive at a twisted polarized convolution algebra which is the algebra
of functions on LR3 with commutator[
xi(σ) , xj(τ)
]
= θijk δ(σ − τ) x˙k|x˙| . (4.13)
This result has been derived from a purely M-theory perspective in [33, 34]. Moreover,
when identifying pk with x˙k, this relation is similar to that obtained in [10]; again, the
3-bracket is the failure of the Jacobi identity. The advantage of this approach is that the
quantity θijk x˙k behaves like an ordinary Poisson structure, and this example reduces to
R2 by setting x˙k(τ) = δk,3 τ .
5. Conclusions
In this article we showed that a naive approach to the quantization of 2-plectic manifolds
works surprisingly well. As a non-trivial test, we wrote down a 3-algebra reduced model,
which contains the IKKT matrix model in a strong-coupling limit in the same way that
the BLG model contains supersymmetric Yang-Mills theory in a strong coupling limit.
Moreover, three classes of noncommutative spaces which appear as stable solutions of
the IKKT matrix model can be obtained as the strong coupling limits of corresponding
quantized 2-plectic manifolds.
A better motivated approach to the quantization of 2-plectic manifolds is, however,
given by a generalization of the groupoid approach of Hawkins involving loop spaces. This
approach reproduced relations found earlier in studies of M-theory and closed string theory.
Our results in the extension of groupoid quantization are only preliminary. Besides
extending the discussion to other manifolds like S3, it is also desirable to develop the
groupoid quantization picture involving 2-groupoids. In this context, the interrelations
11
and usefulness of various higher bracket structures (such as e.g. higher Poisson structures
and Courant algebroids) should be clarified. Eventually, we hope to be able to rewrite the
BLG model using an appropriate algebra of functions on S3 as suggested by the M-brane
configuration (1.6).
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